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. , , 3
1 .
, .
. $\phi(x)\in \mathrm{Z}[X]$ 3 , $\phi(x)=0$ 3 \theta $=\theta^{(0)}>$
$\theta^{\{1)}>\theta^{\langle 2)}$ , 1 $\mathrm{Q}$ 3 $\mathrm{Q}(\theta)$ . ,
. , $E_{Ii’}=\langle-1\rangle\cross E_{\mathrm{A}’}^{+}$ $K$
, $E_{\mathrm{A}^{-}}^{+}$ 1 .
, $0_{\theta}=\mathrm{Z}[\theta]$ , $E_{h’}^{+}\mathrm{n}\mathrm{o}_{\theta}$
. square-free $0_{\theta}$ $K$
, , $0_{\theta}$
. , 2 3 (Thue – )
, .
, $a,$ $b,$ $c,$ $d$ . 1972 , Stender $E_{I1^{\vee}}^{+}\cap 0_{\theta}=$
$\langle\theta+b, \theta+d\rangle,$ $\langle\frac{\theta+\alpha b}{\theta},$ $\frac{\theta+ad}{\theta}\rangle$ $0_{\theta}$ . 1979 , Thomas $E_{I\backslash ^{r}}^{+}\mathrm{n}0_{\theta}=$
$\langle c\iota\theta+1, \theta+d\rangle,$ $\langle a\theta+1, c\theta+1\rangle$ $0_{\theta}$ . 1995 , Grundman Thomas
, $E_{I\dot{\iota}’}^{+_{\mathrm{n}}}0_{\theta}=\langle a\theta+1,2\theta+3\rangle$ $0_{\theta}$ .
, $E_{I\backslash ^{r}}^{+}\mathrm{n}0_{\theta}=\langle a\theta+b, \theta\rangle(|a|, |b|\geq 2)$ $\mathit{0}_{\theta}$
, $E_{\mathrm{A}’}^{+}\mathrm{n}0_{\theta}=\langle a\theta+b, c\theta+d\rangle,$ $(|a|, |c|\geq 2, |b|, |d|\geq 1)$
$\mathit{0}_{\theta}$ .
, $a\theta+b,$ $c\theta+d\in E_{\mathrm{A}’}^{+}$ $\phi(x)=x^{3}+ex^{2}+fx+g$ ,
2 .
1 $a\theta+b,$ $c\theta+d\in E_{J\mathrm{i}’}^{+}$
$b^{3}-eab^{2}+fa^{2}b-ga^{3}=1$ , $d^{3}-ecd^{2}+fc^{2}$d–gc3 $=1$ . (1)
(1) $N_{K/\mathrm{Q}(a\theta}+b$ ) $=+1$ $N_{K/\mathrm{Q}}(C\theta+d)=+1$ . $\square$
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2 $a,$ $b,$ $c,$ $d$ , $(e, f,g)$ (1) .
$(e_{0}, fo,g0)$
$b^{3}-e_{0}ab^{2}+f_{0}a^{2}b-g_{0}a^{3}=1$ , $d^{3}-e_{0}cd^{2}+f_{\mathit{0}-}c^{23}dg0C=1$ . (2)
, $t,$ $t’$ ,




$t_{1},$ $t_{2},$ $t_{3},$ $t4$
$e-e_{0}=at_{1}=ct_{2}$ , $g-g_{0}=bt_{3}=dt_{4}$ .
$t_{1}= \frac{c}{(a,c)}t$ , $t_{2}= \frac{a}{(a,c)}t$ , $t_{3}= \frac{b}{(b,d)}t’$ , $t_{4}= \frac{d}{(b,d)}t’$
$t,$ $t’$ (3) .
(3) (2) .
$> \frac{d}{\mathrm{c}}$ - , .
$|a|,$ $|c|\geq 2,$ $|b|,$ $|d|\geq 1,$ $\frac{b}{a}-\frac{d}{c}>3$ . $e_{0},$ $fo$ , go
$b^{3}-e_{0}ab^{2}+foa^{2}b-g\mathit{0}a^{3}=1$ , $d^{3}-e_{0}cd^{2}+f_{0}c^{2}d-g_{0}c^{3}=1$
, $t,$ $t’$
$e=e_{0}+ \frac{ac}{(a,c)}t$ , $g=$ $g\mathit{0}$ $+ \frac{bd}{(b,d)}t’$ , $f=f_{0}+ \frac{bc}{(a,c)}t+\frac{ad}{(b,d)}t’$ ,
$\phi(x)=X+eX32+f_{X}+g$
. ,
$|e- \frac{a^{2}}{b^{2}}g-2\frac{b}{a}-\frac{1}{ab^{2}}|>5|ag|,$ $|e- \frac{c^{2}}{d^{2}}g-2\frac{d}{c}-\frac{1}{cd^{2}}|>5|cg|$
$|$ $b$ $d|$ . . $|$ $d$ $b$
$e- \frac{b}{a}-2\frac{d}{c}|>3|a|$ , $|e- \frac{d}{c}-2\frac{b}{a}|>3|c|$
$0_{\theta}\cap E_{h}+,$ $=\langle a\theta+b, c\theta+d\rangle$ .
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2 Berwick, Grundman
$i,$ $i’,$ $i”\in\{0,1,2\},$ $i\neq i’\neq i’’\neq i,$ $m,$ $n\in \mathrm{Z},$ $m>0,$ $n\geq 0$ ,
.
$[e_{i,\mathit{0}}, ei,1, \cdots]$ : $|\theta^{\mathrm{t}^{i})}|$ ,
$\frac{p_{i,n}}{q_{i,n}}$ : $|\theta^{(i)}|$ $n$ ,
$\lambda_{i}$ $:=$ $\frac{1}{|\theta(i’)-\theta^{(}i’’)|}$ ,
$\delta_{i}$ $:=$ $\lambda_{i}(\lambda_{i}’+\lambda_{i’}’)$ ,
$M_{i,n}$ $:=$ $\lceil e_{i,n+1}-2\lambda iqi,n+1\rceil$ ,
$N_{i}$ $:=$ $\{$
$\mathrm{r}2\lambda_{i}\theta^{()}i+1\rceil$ if $\theta^{()}i’\theta^{(}i\prime\prime$ ) $>0$
1otherwise
$\triangle_{i}$ $:=$ sign $(\theta^{(i}))$ ,
$\eta_{i,m,n}$ $:=$ $mq_{i,n} \theta^{2}+m(q_{i},ne-\triangle_{ipi,n})\theta-|\frac{mgq_{i,n}}{\theta^{(i)}}$
( $\mathrm{L}*\rfloor$ $*$ – ),
$C_{i}$ $:=$ { $\eta\in 0_{\theta}$ : $\eta^{(i)}>1$ and $|\eta^{(j)}|<1$ for each $j\in\{0,1,2\},j\neq i$ },
$S_{i,n}$ $:=$ { $\gamma\in C_{i}\cap E_{K}$ : $\gamma=(-1)^{i}(\eta_{i},m,n+l)$ with $1\leq m\leq M_{i,n}$ ,
$-N_{i}\leq l<N_{i},$ $m,$ $l\in \mathrm{Z}\}$ .
, 2 .
$(\mathrm{B}\mathrm{e}\mathrm{r}\mathrm{w}\mathrm{i}\mathrm{C}\mathrm{k}[1])$ (1) Ci $(i=0,1,2)$ .
(2) Ci , $i$ , $\epsilon_{i}$ , $\epsilon_{0},$ $\epsilon_{1,2}\epsilon$
2 $0_{\theta}$ .
Berwick $\epsilon_{i}$ fundamental $C_{i}$ unit .
$(\mathrm{G}\mathrm{r}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{m}\mathrm{a}\mathrm{n}[3])$ $i=0,1,2$ $e_{i,n_{i}+1}\leq-qi,n\iota+12\perp$ $S_{i,n_{i}}\neq\emptyset$ $ni\geq 1$
,
$m_{i}:= \min$ { $m$ : $(-1)^{i}(\eta i,m,n_{i}+l)\in S_{i,n}$ : for some $l$ },
$l_{i}:= \min\{l : (-1)^{i}(\eta i,mi,n_{i}+l)\in S_{i,n_{i}}\}$
1. , $\delta_{i}<2$ $(-1)^{i}(\eta_{i},m_{i},n_{i}+l_{i})$ fundamental $C_{i}$ unit .
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$\phi’(-\frac{b}{a})$ $=$ $3 \frac{b^{2}}{a^{2}}-2e\frac{b}{a}+f$ $=$
$2 \frac{b^{2}}{a^{2}}-e\frac{b}{a}+g\frac{a}{b}+\frac{1}{a^{2}b}$ ,
$\phi’’(-\frac{b}{a})$ $=$ $-6 \frac{b}{a}+2e$ $=$ $-2( \frac{a}{b}\phi’(-\frac{b}{a})+\frac{b}{a}-g\frac{a^{2}}{b^{2}}-\frac{1}{ab^{2}}\mathrm{I}\cdot$
1 $n_{i}\in \mathrm{z}_{>\mathit{0}}$ $Pi,n_{i}=|a|,$ $q_{i,n_{i}}=|b|$ $\theta^{(i)}$ .
$| \theta^{(i)}-(-\frac{b}{a})|<$
$\theta^{\langle i)}$ ,
1 . , $| \theta^{(i)}-(-\frac{b}{a})|<$ $\overline{2}a\tau_{\overline{|g|}}^{1}$
.










$<$ $- \frac{7|a|}{16|g|}(|\phi’(-\frac{b}{a})|-2|g|-\frac{4}{7b^{2}})$ .
$| \phi’(-\frac{b}{a})|>5|gb|$ , 1 , $\theta^{(i)}$ $- \frac{b}{a}$ $- \frac{b}{a}+\Delta’\frac{1}{2a^{\sim}|g|}$
. $| \theta^{(i)}-(-\frac{b}{a})|<$ $\frac{1}{2a^{2}|g|}$ , 1 .
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, 1 $n_{i}$ .
2 $e_{i,n_{i}+1}>4|ab|$ .




$S$ $=$ $\triangle^{J}(-eb+\frac{2b^{3}+ga^{3}+1}{ab})+\frac{3(|a|pi,n_{\mathfrak{i}}-1-\triangle\prime\triangle i)}{\triangle_{i}ab}$
$=$ $\triangle’(-eb+\frac{2(b^{3}-1)+ga^{3}}{ab})+\frac{3|a|\dot{p}_{i},n_{i}-1}{\triangle_{i}ab}$
, $a$ , $S\in$ Z.
$q_{i,n_{i}Pi,1}n.--_{Pi,q_{i,n_{i}-1}}ni$ $=$ $|a|p_{i,n_{i}-}1-|b|qi,n_{i}-1$
$=$ sign $(|\theta^{(i)}|$ $-|- \frac{b}{a}|)$
$=$ sign $(- \emptyset(-\frac{b}{a}))$ sign $( \phi’(-\frac{b}{a}))$ sign $(\theta^{(i)})$
$=$ sign$(a) \mathrm{S}\mathrm{i}\mathrm{g}\mathrm{n}(\phi’(-\frac{b}{a}))$ sign $(\theta^{(i)})$
$=$ $\triangle_{i}\triangle$
’













$>$ $(|a|S+q_{i,1}n_{i}-) \{(2qi,n.\cdot-1-\frac{1}{|b|})(|a|S+qi,n.\cdot-1)-\frac{2qi,n_{1}-1}{|b|}-|\frac{b}{a}-g\frac{a^{2}}{b^{2}}-\frac{1}{ab^{2}}|\}+\triangle J\frac{a}{|a|}$
$>$ $0$ .







, sign $(\phi(\Delta_{i^{\frac{|b|(S+2)+pi,n-1}{|a|\langle S+2)+qi,ni-1}}}))$ $-\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}(a)$ .
$\phi(\triangle_{i}\frac{|b|S+p_{i},n.-1}{|a|s+q_{i,1}n_{i}-})\emptyset(\triangle_{i}\frac{|b|(S+2)+pi,n_{i}-1}{|a|(S+2)+qi,n\dot{.}-1})<0$












$M_{i,n_{i}}$ $=$ $\lceil e_{i,n_{i}+1}-2\lambda_{i}qi,ni+1\rceil$
$=$ $\lceil ei,n_{i}+1-2\lambda i(ei,n:+1|a|+q_{i,n_{i}-}1)\rceil$
$>$ $\lceil e_{i,n:+1}-2\lambda_{i(e_{i,n_{i}}}+1|a|+|a|)1$




$-Ni\leq-1\leq(a\theta+b)^{-1}-\eta_{i},|a|,n_{i}<1\leq N_{i}$ . , 1 ,
$< \frac{1}{|ag|}$
$\theta^{(i)}=$ $- \frac{b}{a+\alpha}$ ,
$(a \theta+b)^{-1}-\eta_{i},|\alpha|,n_{i}=\frac{a^{3}g+1}{b}+\lfloor\frac{a^{2}g}{\theta^{(i)}}\rfloor=\lfloor\frac{a^{3}g+1}{b}-\frac{a^{32}g+\alpha ag}{b}\rfloor=\lfloor\frac{-\alpha a^{2}g+1}{b}\rfloor=0$ or $-1$ .
$(-1)^{i}(a\theta+b)^{-1}\in S_{i,n_{i}}$ .
4 $m_{i}=a$ .
$c:=- \lfloor\frac{-m|a|}{\theta^{(i)}}\rfloor+d$ , 1
$(a\theta+b)(\eta_{i,m},n. +d)$ $=$ $(a\theta+b)(m|a|\theta^{2}+m(|a|e-\triangle_{i}|b|)\theta+c)$
$=$ $(m|a| \frac{-ga^{3}-1}{ab}+ac)\theta-gma|a|+bc$ .
$A=m|a| \frac{-\mathit{9}^{a^{3}-}1}{ab}+ac$
$(a\theta+b)(\eta_{i,m},ni+d)$ $=$ $A \theta+\frac{m}{|a|}+\frac{bA}{a}$
$\eta_{i,m,n_{i}}+d$ , $a\theta+b$ $A \theta+\Pi am+\frac{bA}{a}$ ,
$A^{3}+m|a|a \phi^{;}(-\frac{b}{a})A^{2}-\frac{m^{2}a}{2}\emptyset’’(-\frac{b}{a})A+\frac{a}{|a|}m^{3}-a^{3}=0$ .
$A$ $\psi(A)$ . $1\leq m\leq|a|-1$ $\psi(A)=0$
.
$\psi(0)\psi(\pm 1)<0$ $\psi(0)\psi(\pm 1)>0,$ $|\psi(\pm 1)|>|\psi(0)|$




, sign $(\psi(0))=-\mathrm{S}\mathrm{i}\mathrm{g}\mathrm{n}(a)$ , $| \phi’(-\frac{b}{a})|>5|gb|$
$a \phi’(-\frac{b}{a})\psi(\pm 1)$
$=$ $a \phi’(-\frac{b}{a})(\pm 1+m|a|a\emptyset’(-\frac{b}{a})\mp\frac{m^{2}a}{2}\phi’’(-\frac{b}{a})+\frac{a}{|a|}m^{3}-a^{3})$
$=$ $a \phi’(-\frac{b}{a})(ma^{2}(\frac{|a|}{a}\pm\frac{m}{b})\phi’(_{-}\frac{b}{a})\pm m^{2}b\mp g\frac{m^{2}a^{3}}{b^{2}}\mp\frac{m^{2}}{b^{2}}\pm 1+\frac{a}{|a|}m^{3}-a^{3})$
$>$ $|a \phi’(-\frac{b}{a})|(ma^{2}(1-\frac{m}{|b|})\phi’(-\frac{b}{a})-|\pm m^{2}b\mp g\frac{m^{2}a^{3}}{b^{2}}\mp\frac{m^{2}}{b^{2}}\pm 1|-(|a|^{3}-m^{3})$
$>$ $|a \phi’(-\frac{b}{a})|(ma^{2}(1-\frac{m}{m+2})5|gb|-2m|2bg|-|a|^{3})$
$>$ $|a \phi’(-\frac{b}{a})|(\frac{10m}{m+2}a^{2}|gb|-2m|2gb|-|a|^{3})$
$>$ $|a \phi’(-\frac{b}{a})|(3a^{2}|gb|-2m^{2}|gb|-|a|^{3})>0$ ( )
$\text{ }$ , $\phi’(-\frac{b}{a})>0$ $\psi(0)\psi(\pm 1)<0\mathrm{B}^{\mathrm{f}}\text{ }\gamma_{\llcorner},$ $\text{ }\llcorner\phi’(-\frac{b}{a})<0$ $\psi(0)\psi(\pm 1)>$










$=$ $m(m|a|^{3} \phi’(-\frac{b}{a})\mp a)\{(|a|\mp^{\frac{ma}{b}})\emptyset’(-\frac{b}{a})\mp\frac{mb}{a}\pm g\frac{ma^{2}}{b^{2}}\pm\frac{m}{ab^{2}}\mathrm{I}\pm(\frac{a}{|a|}m^{3}-a^{3})$
$>$ $m|a|(5ma^{2}|gb|-1) \{5(|a|\mp\frac{ma}{b})|gb|-|\mp\frac{mb}{a}\pm g\frac{ma^{2}}{b^{2}}\pm\frac{m}{ab^{2}}|\}-|a|(a^{2}-m^{2})$
$>$ $m|a|(5ma^{2}|gb|-1)-|a|(a^{2}-m^{2})>0$ ( )
, $\phi’(-\frac{b}{a})<0$ , $\psi(-m|a|a\emptyset’(-\frac{b}{\alpha})+1)\psi(-m|a|a\emptyset’(-\frac{b}{a})-1)<$
$0$ . $1\leq m\leq|a|-1$ $\psi(A)=0$ ,
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$1\leq m\leq|a|-1$ $\eta_{i,m,n_{i}}+d\in E_{K}$ $m$ .
$m_{i}=|a|$ .
5 $l_{i}=(a\theta+b)^{-1}-\eta_{i},|a|,ni$ .




$l^{\prime 2}+a^{2} \phi’(-\frac{b}{a})l’-a\frac{\emptyset’’(-\frac{b}{a})}{2}=0$ $l’=0$ .
$l’$ $\psi_{2}(l’)$ , $\psi_{2}(l’)=0$ 1 $-1$ 1 , 1
$-a^{2} \phi^{J}(-\frac{b}{\alpha})-1\in \mathrm{Z}$ $-a^{2} \phi’(-\frac{b}{a})+1$ . ,
$\sigma$
$\psi 2(\pm 1)$ $=$ $\psi_{2}(-a^{2}\emptyset’(_{-}\frac{b}{a}\mathrm{I}\mp 1)$ $=$
$\pm a^{2}\phi’(-\frac{b}{a})-a\frac{\emptyset’’(-\frac{b}{a})}{2}+1$
$=$ $( \pm a^{2}+\frac{a^{2}}{b}\mathrm{I}^{\phi’}+b-\frac{a^{3}}{b^{2}}g-\frac{1}{b^{2}}+1$
, $| \phi’(-\frac{b}{a})|>5|b|-1$ , sign $( \pm\phi’(-\frac{b}{a}))$ – ( ) .
$\eta_{i,|a|,n:}+l\in S_{i,n_{*}}$. $|l’|\leq|l+$ $\leq N_{i}+1\leq|b|$ ,- $|-a^{2} \phi’(-\frac{b}{a})|>|b|+1$
, $l’=0$ $\eta i,|a|,n;+l\in S_{i,n_{i}}$ .
$l_{i}=(a\theta+b)^{-1}-\eta_{i,|a|,n}:$ .
6 $\delta_{i}<\frac{1}{2}$ .




1 6 , Grundman ,
$(-1)^{i}(a\theta+b)^{(}-1)$ fundamental $C_{i}$ unit . $j(\neq i)$ $(-1)^{j}(C\theta+d)^{\mathrm{t}_{-}}1)$
fundamental $C_{j}$ unit , .
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4 1
, $b\not\equiv 1$ (mod $a$ )
1 .
$\phi(x)=x^{3}+(b+1)\{(b^{2}+b+1)t-(b+2)\}x^{2}+\{(2b^{2}+2b+1)t-(2b+3)\}x+bt-1,$ $t\in \mathrm{Z}$
, $b$ $0_{K}\cap E_{\mathrm{A}^{r}}^{+}=\langle(b^{2}+b+1)\theta+b, (b+1)\theta+1\rangle$ .
[1] W. E. H. Berwick, Algebraic number fields with two independent units, Proc. London Math.
Soc. 34 (1932), 360-378.
[2] E. Thomas, Fundamental units for orders in certain cubic number fields, J. Reine Angew.
Math. 310 (1979), 33-55.
[3] H. G. Grundman, Systems of fundamental units in cubic orders, J. Number Theory 50
(1995), 119-127.
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